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PREFACE

This book is an outgrowth of the authors work in conducting problem solving seminars for
undergraduates and high school teachers, in directing mathematics contests for undergraduates and high
school students, and in the supervision of an undergraduate research participation program. Their
experience has shown that interest in and knowledge of mathematics can be gregtly strengthened by an
opportunity to acquire some basic problem solving techniques and to apply these techniquesto
chdlenging problems for which the prerequisite knowledge is available.

Many students who have not had this opportunity lose confidence in themsalves when they try
unsuccesstully to solve non-routine problems such as those in the Mathematics Magazine or in the
Putnam Intercollegiate M athematics Competitions, conducted by the Mathematicad Association of
America. Those who gain self-confidence by work on chalenging materid at the proper level dso
generdly have increased motivation for mastering significant mathematica concepts and for making
origind contributions to mathematica knowledge.

The topics chosen for this book are particularly appropriate since they are at afairly eementary
level and exhibit the interdependence of mathematical concepts. Many generdizations are suggested in
the problems; the perceptive reader will be able to discover more.

The authors express their debt to al who have influenced this effort. We are epecidly grateful
to Leonard Klosinski, Roseanna Torretto, and Josephine Hillman for their invauable assstance.

Albuquerque, New Mexico Abraham P. Hillman
Santa Clara, Cdlifornia Gerdd L. Alexanderson
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INTRODUCTION

Knowledge of mathematics together with the ability to gpply this knowledge to non-routine
problems will be very vauable in the more and more automated world we face. Routine problems will
tend to be solved mechanicdly, while new and chalenging problems arise a argpid rate for human
minds to solve.

We hope that this book will be helpful in the process of mastering some aspects of mathematics
and becoming proficient in using this knowledge. The topics sdlected contain important ideas that are
often logt in the regular curriculum. An effort has been made to develop most of the theoretica materid
through sequences of related and progressvely more sophisticated problems that follow the necessary
text materid and illugtrative examples. In later chapters some proofs of a congderably more involved
nature are omitted or dedlt with only in specid cases. The sets of problems provide opportunities for
recognizing mathemetica patterns and for conjecturing generdizations of specific results.

And now some words of advice to prospective problem solvers: some of the problems of this
book are easy, some may take longer to solve than any previoudy encountered, and some may prove
to be too difficult. If aproblem isdifficult, it may be helpful to look at the surrounding problems. One
does not have to do dl of the problemsin a chapter before going on. In fact, some of the hard
problems will appear to be easier if one returns to them after progressing through later chapters. The
satementsin problems preceded by the symbol "R" are required for subsequent work and should be
specidly noted.

Answers or hints are provided for the odd-numbered problems except starred problems and

those that contain the answer in the problem. However, the greatest benefit comes from trying the
problems; one should postpone looking at the answers as long as possible.
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