Chapter |
Preliminaries from Geometry

This chapter contains definitions, axioms, and theorems from geometry which are needed
for what follows. They serveto insure that the reader and the authors have a common
terminology for the material which is prerequisite to the study of trigonometry, so they are, for
the most part, presented as facts without formalism or proof.

1. Raysand Segments

A point P on a(straight) line | divides | into two half-lines, each of which isaray with
P asitsonly endpoint. A ray extends infinitely in one direction. Let P and Q be distinct points
and | bethe unique line passing through them. Then the ray PQ designates the ray with P as
endpoint which passes through Q. Also, the segment PQ consists of P and Q and all the points
between these endpoints on theline | . By specifying P as the initial point and Q as the final

®
point, the segment PQ becomes the "directed segment” PQ.

® ®
Directed segments AB and CD have the same magnitude if the lengths of the segments
areequal, asin Figure 1.
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If AB and CD are on paralle lines, (or are on the same line), they may have the same
direction, asin Figure 2a, or they may have opposite directions, as in Figure 2b.
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D If directed segments AB and CD have the same magnitude and

direction asin Figure 3, thiswill be denoted by the notation

A ® ®
¢ Figure 3 AB @CD.

2. Anglesand Triangles

The angle formed by segments BA and BC (or rays BA and BC) is denoted by 4 ABC; the
point B isitsvertex. If no other angle with vertex at B is under consideration, A ABC may be
shortened to just A B. Triangle ABC is denoted by AABC.
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The sum of the lengths of two sides of atriangle is always greater than the length of the
third side. For example, a + b > cin Figures 4aand 4b. Angles are measured either in degrees or
radians. The degree measure of aright angle is 90° and its radian measureis p/2. The sum of
the degree measures of the angles of atriangle is 180° and the sum of their radian measuresis p.
An angle of atriangleis acute, right, or obtuse depending on whether its degree measure is
respectively, less than , equal to, or greater than 90°. The notation A A = 30° means that the
degree measure of AA is30°and AA = /6 meansthat the radian measure of A A is ©t/6.

A triangle with one 90° angleis called aright triangle. The side opposite theright angleis
caled the hypotenuse. In Figure 4b, A C = 90° and side c is the hypotenuse. The famous
Theorem of Pythagoras states that atriangle isaright triangle if and only if the square of the
length of one side equals the sum of the squares of the lengths of the other two sides. (For
example, ¢ = a® + b?in Figure 4b.) The main steps of a proof follow:

Let AABC havearight angle at C. Place asquare of side ¢ externaly on the hypothenuse
AB. Then place copies of AABC on the other three sides of the square. All together, we now
have a big square whose sides have length a + b. See Figure 5.
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Calculator Example 1.2.1

When laying out the foundation of a new building, stakes are driven at the four corners.
Measuring the proper distances between the stakes is relatively easy, but measuring the angles
properly is much more difficult. After driving the stakes, the builder always measures the
diagonal distance to make sure it satisfies the Theorem of Pythagoras thereby insuring that the
angles are 90°. Suppose that the points A, B, and C in Figure 4b are three of the four corner
stakes of arectangular foundation, a = 36 ft, and b = 40 ft. What must ¢ beto insure AC = 90°?
Give your answer to the nearest 10th of an inch.

Solution: We will assume the calculator has already been set to Fix 1 display mode (see
Preface). We will let the calculator keep track of the units for us, so the first sequence isto get to
the appropriate units menu: RS UNITS F2-LENGTH. For each of the given lengths we will enter
the value, attach the units, then square it: 36 F5-ft LS x? 40 F5-ft LS x%. We now have the
squares of a and b on the stack. To find ¢ we must add these, take the square root, then convert

the result to inches: + «/; LS F6-in. We see the answer 645.8 in on the display. For complete
instructions on the use of units see "Operations with Units" starting on page 3-17 of UG.

3. Similar Triangles
By definition, AABC issimilar to

AABC if AA = AA, AB = AB',and
4AC = AC'. SeeFigure®.

Each of the following conditions
guaranteesthat AABC issmilar to
AABC. Figure 6

(@) Two angles of one triangle are equal respectively to the corresponding two angles of the
other.



(b) Two sides of one triangle are proportional to the corresponding sides of the other triangle and
the included angles are equal.

(c) Thethree sides of one triangle are proportional to the corresponding sides of the other.

If we are given that AABC issimilar to AAB'C' then

AA - AA, AB - AB, 4C - 4C, and & - B _ €
a b' c
Asstated in (@), (b), and (c), to provethat AABC issimilar to AA'B'C,, it suffices to show that
AA = AA and 4B = AB' orto show that i. = E and AC = AC' orto show that
a
a_»b_c
a b' c

Calculator Example 1.3.1

While sailing around the idand in Figure 7ayou hit a
submerged rock and tore ahole in your boat. You are
now stuck on the island and wonder how far it isfrom
point A on the island to point B on the mainland so you
can decide if you can risk swimming it. You have a

A B compass, atape measure, and your trusty HP 49G+
calculator. How do you estimate the distance from A to
Figure 7a B?

Solution: From A use the compass to measure the bearing
DC to B. Now walk along the beach to some point C making
alinein the sand asyou go. See Figure 7b. From C walk
along the bearing 180° from the bearing you measured
from A to B to some point D from which you can till see
A B B. Put amarker at D and walk strait towards B until you
get to the line AC and mark the point E.

Figure 7b

Notice that since AB is parallel to CD, AA = AC. (See Section 5 below.) Also,

AAEB = ACED, so AAEB issmilarto ACED. We now have % = % Using the tape

measure you find that CE = 21 yd, CD = 67 yd, and AE = 113 yd. Now solve the previous

113-67 1pe sequence 113

proportion for AB and substitute the measurements, giving AB =

ENTER 67 x 21 + on the calculator shows the distance to be a bit over 360 yards.



4. Important Special Triangles

Two sides of atriangle have equal length if and only if the angles opposite them have
equal measure. Such atriangleis caled an isosceles triangle. It follows that the angles of an
equilateral triangle (one having all sides equal) each measures 60°.

Let AABC be equilateral with each side having 2 units as B
itslength. Let M be the midpoint of side AC. See Figure 8.
Then AAMB and ACMB are congruent right triangles, 2
AABM = 30° AA = 60°% AAMB = 90°side AM =1, and h
the length h of side MB satisfies 1
A ™ C
h*+12 =22 Figure 8

Thus h = /3 and the three sides of this 30°, 60°, 90° triangle have lengths 1, /3, 2. If AEFG is
any trianglewith AE = 30°, AF = 60°, and AG = 90°, then AEFG issmilar to ABAM and

itssides e, f, g must be proportional to 1, {/3, 2. Wecanwritethisase:f:g = 1:/3:2. It
follows that the lengths of the sides of a 30°, 60°, 90° triangle can be written as e, /3 e, 2e.

Now let AABC be anisoscelesright triangle with A C = 90°, c¢ as the hypotenuse and k
asthe length of each of the other two sides. Then A A = 45° = 4B and ?=k? + k2. It follows

that ¢ = y/2k and thus the sides of a45°, 45°, 90° triangle are of the form k, k, v/2k.

Before computers, when drafting was done by hand, every draftsman had several of these
special triangles of various sizesin histool box. Seefigure 9awhere ATUV isa30° 60° 90°
triangle and AWXYisa45°, 45° 90° triangle. With these, the draftsman could construct many
angles of various sizes. In figure 9b we see an example of how these two triangles and addition of
angles can be used to create a 75° angle, and in figure 9¢c we see an example of how one of the
triangles and subtraction is used to create an angle of 150°.
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5. Parallel Lines and Parallelograms

5 / T If two lines, | ; and | ,, arecut by atransversal,
lrx t, thelinesare parald if and only if the dternate interior
AZK/B angles a and b are equal. See Figure 10.
Iy
Figure 10
E . A paraleogram is a quadrilateral whose opposite sides
/ / are paralel. Itisatheorem that the quadrilateral ABCD isa
® ®
£ paralelogram if and only if AB and DC have equa
D ® ®
Figure 11 magnitudes and directions, that is, if and only if AB @DC.

See Figure 11.

Exercisesfor Chapter |

1. Classify each of the following angles as acute, right, obtuse, or not possible in atriangle:
-30°, 0°, +/37°°, 90°, 156°, 180°, 360°.

2. Tdl which of the following pairs of angles are possible in the same triangle and find the third
angle in each such case:

() 90°, 90°; (b) 100°, 85° (C) 50°, 60%  (d) 30°, 140°,

3. Find (i) the exact value and (ii) atwo decimal approximation (See Preface) for v in each of the
following triangles:

(3) \él ':b} (c] (d]
v,/ 11 ¥ ¥ ] 7 v
60° 0°

3

4. Of the following triples, first identify those which represent sides of atriangle. Of those, select
the right triangles and identify them. Then pick out the 45°, 45°, 90° triangles and the 30°, 60°,
90° triangles:



@ 5,45, 10 (d) 89,11 @ 1v2, 3

(b) 2,311 () 3,3, 3/2 (h) 3/3,9, 6/3
(¢) 5,12, 13 ® 12 5 (i) 7.11,9.48,11.85
B B’
5. Giventhat AABC issimilar 2 i 2 J 3 X
to AAB'C', find x andy. .
A 4 C A v "
F
R 16
6. Which angle in ADEF isequal g 7 14
to angle A? A E
A 9 £ 4 18

7 () Isatrianglewith sides /3, 3, 2/3 similar to one with sides 5, 10, 5/37?

(b) Isatriangle with sides 23.472, 41.144, 51.256 similar to one with side 55.1592, 96.6884,
110.20047?

8. Which of the following pairs of triangles are similar? Justify your answers.

@ (h) 15
o 14
40" 50 2
10
(©) @
- <
60° - r|5 ptied
3/3 30



9. Given: angles A and A’ are equal.

(@ Finduandvintermsof r, a, and b.

(b) fa=26andb=1.1findr, u, and

v to 3 decimal places.

10. Areany two 30°, 60° 90° triangles similar? Justify your answer.

. r‘h
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u
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11. Explain why atriangle whose sides are of length y/a, /b, ya + b isaright triangle. (Of
course,a>0andb>0.)

12. Complete the following table for converting certain degree measures to radians or, when
read properly, radians to degrees.

Oindegrees | 0° 30° 45° 120° 150° 180°
0 inradians 0 /6 /3 /2 3n/4
W
® ® ® ® ®
13. Giventhat OQ @PV @RW andthat VT @OR,
® ®
show that WT @OP.
A"
0 P

14. Show that the quadrilateral ABCD isa
paralelogram if and only if AABC is

smilar to ACDA with AACB = ACAD.




15.

16.

17.

Prove that AEFG is a paralelogram, given that

ABCD isaparalelogram, % - AR A=G,

4ADAC = AGAF, and ACAB = AFAE.

Use the methods depicted in Figure 9b and in Figure 9c in Section 4 above to show how to
construct the angles given below with 30°, 60°, 90° and 45°, 45°, 90° triangles.

(8 105°% (b) 15°% (c) 225°% (d) 135°% (e) 195°.

Let AC = w/2in AABC. Let a, b, and c stand for the lengths of sides opposite A A, 4B,
and A C, respectively. Find:

(@ cwhena=5andb=12

(b) bwhena=8andc=17

(c) AAwhenb = 4/3andc=8

(d) 4B whenb = 5/2 and ¢ = 10.

18. Given aunit length, outline the construction with straightedge and compass of lengths of

(@) 2/3

(b) V5.



